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Abstract

In this study, we investigate the nature of quantum measurement by exploring
the relationships between the Born rule, expectation values, density operators
and such notions from first principles.
This reveals a generalized form of the Born rule. Moreover, the usual form of
the Born rule can be sufficiently characterized by an explicit modelling of
wavefunction collapse and measurement-invariant density operators.
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Axioms of Quantum Mechanics

In these slides, we will explicitly make use of the following axioms of
quantum mechanics (QM):

Axioms necessarily used

1. The state |Ψ⟩ of a quantum system S can be represented by a vector in a
separable Hilbert space H.

2. Observables on S can be represented by self-adjoint linear operators H → H on
the Hilbert space of states H of the system S.

Notice that we have not mentioned an axiom from the Hilbert space
formulation of QM, commonly called the Born rule. In one form, it states
that the probability that a quantum measurement of an observable Â
makes a state |Ψ⟩ collapse to an eigenstate1 |ak⟩ is,

Born rule

pr (|ak⟩) = ⟨Ψ |ak⟩ ⟨ak |Ψ⟩

We are, in fact, going to derive the above principle from a simpler assumption!

1a notion central to the Copenhagen interpretation of QM
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Motivation

The motivation for this study begins by asking why the Born rule involves
an expectation value. Before making the observation2, let us define the
expectation value of a self-adjoint operator Â : H → H,

E
(
Â
)
:=
∑
k

pr (|ak⟩) ak

where {ak} is a normalized eigenbasis for H, i.e., any state |Ψ⟩ ∈ H can
be written as a unique linear combination (over C) of {ak} and, for all k,

Â |ak⟩ = ak |ak⟩

⟨ak| al⟩ = δkl :=

{
1 k = l

0 k ̸= l

2For simplicity, we assume H has a dimension that is either finite or countably infinite.
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As a consequence of the above, ⟨ak | ak⟩ = 1 and we have,

ak = ak ⟨ak | ak⟩
= ⟨ak |ak| ak⟩

=
〈
ak

∣∣∣Â∣∣∣ ak

〉
Plugging this into the definition of the expectation value of Â,

Expectation values, without Born rule

E
(
Â
)
=
∑
k

pr (|ak⟩)
〈
ak

∣∣∣Â∣∣∣ ak

〉
Using the Born rule,

E
(
Â
)
=
∑
k

pr (|ak⟩)
〈
ak

∣∣∣Â∣∣∣ ak

〉
=
∑
k

⟨Ψ |ak⟩ ⟨ak |Ψ⟩
〈
ak

∣∣∣Â∣∣∣ ak

〉
=
∑
k

∑
l

⟨Ψ |ak⟩
〈
ak

∣∣∣Â∣∣∣ al

〉
⟨al |Ψ⟩

=
〈
Ψ
∣∣∣Â∣∣∣Ψ〉
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Therefore, the Born rule simplifies the expression for the expectation value
of a quantum operator.

Expectation values, with Born rule

E
(
Â
)
=
〈
Ψ
∣∣∣Â∣∣∣Ψ〉

It follows that the Born rule itself hides the expectation value of projectors
corresponding to eigenstates:

pr (|ak⟩) = ⟨Ψ |ak⟩ ⟨ak |Ψ⟩
= ⟨Ψ| |ak⟩ ⟨ak| |Ψ⟩
= E (|ak⟩ ⟨ak|)

Born rule, with expectation values

pr (|ak⟩) = E (|ak⟩ ⟨ak|)
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In fact, the above statement can be derived from first principles using the
definition of expectation values.
It can be proved that the eigenbasis for a projector |ak⟩ ⟨ak| is the same as

that of the corresponding operator Â. Thus,

E (|ak⟩ ⟨ak|) =
∑
l

pr (|al⟩) ⟨al| ak⟩ ⟨ak| al⟩

=
∑
l

pr (|al⟩) δlkδkl

=

�
��
∑
l

pr (|al⟩) δk�l

= pr (|ak⟩)

Therefore, the above statement is independent of the Born rule itself.
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Equipped with the above ideas, we note,

E
(
Î
)
=
〈
Ψ
∣∣∣Î∣∣∣Ψ〉

= ⟨Ψ | Ψ⟩

But,

E
(
Î
)
: =

∑
k

pr (|ak⟩)
〈
ak

∣∣∣Î∣∣∣ ak

〉
=
∑
k

pr (|ak⟩) ⟨ak | ak⟩

=
∑
k

pr (|ak⟩)

: = 1

Therefore, we have,

Normalization

⟨Ψ | Ψ⟩ = 1
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However, for the purposes of these slides, the above statement is not
necessary. We could have, for instance, modified the Born rule without
loss or gain of theory as,

Born rule, with explicit normalization

pr (|ak⟩) =
1

⟨Ψ | Ψ⟩ ⟨Ψ |ak⟩ ⟨ak |Ψ⟩

Explicit normalization of states then becomes unnecessary as the above

rule is invariant under normalization of the form |Ψ⟩ → 1

[⟨Ψ | Ψ⟩]1/2
|Ψ⟩.

In general, the idea is that scaling states by any complex number should
not change physics3; this idea will be formalized later on.

3In The Principles of Quantum Mechanics, Paul Dirac gives great attention to this point and
how it is related to the idea that eigenstates matter only up to scale as orthogonality of states is a
physical distinction and scaling does not disturb orthogonality.
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Pure and Mixed Quantum States

Recall that a quantum system has a state |Ψ⟩ belonging to a [separable]
Hilbert space H. But there is more to a state than this notion, as follows.

A quantum state |Ψ⟩ is pure if it is described by a single ket, say
|Ψ1⟩ ∈ H,

|Ψ⟩ = |Ψ1⟩

A quantum state |Ψ⟩ is mixed if it is possibly described by multiple kets,
say |Ψ1⟩ , |Ψ2⟩ , . . . |ΨN ⟩ ∈ H.
The probability of |Ψ⟩ being described by a given state |Ψα⟩ can be
described by a probability map,

pr : |Ψα⟩ → pr (|Ψα⟩) ∈ [0, 1]∑
α

pr (|Ψα⟩) = 1
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Density Operators

In general, the information contained in the possible state(s) of a quantum
system are packed into what is called its density operator ρ̂,

Density operators

ρ̂ :=
∑
α

pr (|Ψα⟩) |Ψα⟩ ⟨Ψα|

For a pure state |Ψ⟩, the density operator is simply |Ψ⟩ ⟨Ψ|.
Density operators are idempotent only for normalized pure states,

ρ̂2 = |Ψ⟩ ⟨Ψ| Ψ⟩ ⟨Ψ|
= |Ψ⟩ ⟨Ψ|
= ρ̂
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For mixed states,

ρ̂2 =

[∑
α

pr (|Ψα⟩) |Ψα⟩ ⟨Ψα|

]∑
β

pr (|Ψβ⟩) |Ψβ⟩ ⟨Ψβ |


=
∑
α

∑
β

pr (|Ψα⟩) pr (|Ψβ⟩) |Ψα⟩ ⟨Ψα| Ψβ⟩ ⟨Ψβ |

Consider the following two cases:

1. ⟨Ψα| Ψβ⟩ = δαβ . Then,

ρ̂2 =
∑
α

[pr (|Ψα⟩)]2 |Ψα⟩ ⟨Ψα|

Since by definition there are at least 2 states possibly describing a mixed
state, for each state, pr (|Ψα⟩) < 1. Therefore, we can never have
[pr (|Ψα⟩)]2 = pr (|Ψα⟩). As a consequence, ρ̂2 ̸= ρ̂.
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2. ⟨Ψα| Ψβ⟩ ≠ δαβ . Then, there are non-zero entries corresponding to the
indices α ̸= β, which is not true for ρ̂ as,

ρ̂ =
∑
α

pr (|Ψα⟩) |Ψα⟩ ⟨Ψα|

=
∑
α

∑
β

pr (|Ψα⟩) pr (|Ψβ⟩) |Ψα⟩ δαβ ⟨Ψβ |

For α ̸= β, the component of ρ̂ corresponding to |Ψα⟩ ⟨Ψβ | is 0.
Therefore, we necessarily have ρ̂2 ̸= ρ̂.

Idempotence of density operators

A density operator ρ̂ is idempotent i.e. obeys ρ̂2 = ρ̂ iff the underlying state is
pure and normalized.

For future use, we define the trace of a linear operator,

Trace of linear operators

tr
(
Â
)
:=
∑
k

〈
ak

∣∣∣Â∣∣∣ ak

〉
=
∑
k

ak
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Properties of Trace

Firstly, trace is a linear operation as,

tr
(
cÂ
)
:=
∑
k

〈
ak

∣∣∣cÂ∣∣∣ ak

〉
= c

∑
k

〈
ak

∣∣∣Â∣∣∣ ak

〉
= c tr

(
Â
)

tr
(
Â+ B̂

)
: =

∑
k

〈
ak

∣∣∣(Â+ B̂
)∣∣∣ ak

〉
=
∑
k

[〈
ak

∣∣∣Â∣∣∣ ak

〉
+
〈
ak

∣∣∣B̂∣∣∣ ak

〉]
=
∑
k

〈
ak

∣∣∣Â∣∣∣ ak

〉
+
∑
k

〈
ak

∣∣∣B̂∣∣∣ ak

〉
= tr

(
Â
)
+ tr

(
B̂
)
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Secondly, trace is a symmetric operation,

tr
(
ÂB̂
)
:=
∑
m

〈
am

∣∣∣ÂB̂
∣∣∣ am

〉

=
∑
m

⟨am|

(∑
i

∑
j

〈
ai

∣∣∣Â∣∣∣ aj

〉
|ai⟩ ⟨aj |

)(∑
k

∑
l

〈
ak

∣∣∣B̂∣∣∣ al

〉
|ak⟩ ⟨al|

)
|am⟩

=
∑
m

∑
i

∑
j

∑
k

∑
l

〈
ai

∣∣∣Â∣∣∣ aj

〉〈
ak

∣∣∣B̂∣∣∣ al

〉
⟨am| ai⟩ ⟨aj | ak⟩ ⟨al| am⟩

=
∑
m �

��
∑
i

∑
j �

��
∑
k �

��
∑
l

〈
a
�i

∣∣∣Â∣∣∣ aj

〉〈
a
�k

∣∣∣B̂∣∣∣ a
�l

〉
δ
m�i

δ
j�k
δ
�lm

=
∑
m

∑
j

〈
am

∣∣∣Â∣∣∣ aj

〉〈
aj

∣∣∣B̂∣∣∣ am

〉
=
∑
m

∑
j

〈
aj

∣∣∣B̂∣∣∣ am

〉〈
am

∣∣∣Â∣∣∣ aj

〉
=
∑
m

∑
j

〈
am

∣∣∣B̂∣∣∣ aj

〉〈
aj

∣∣∣Â∣∣∣ am

〉
= tr

(
B̂Â
)
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To summarize,

Properties of trace

1. Linearity

tr
(
cÂ

)
= ctr

(
Â
)

tr
(
Â+ B̂

)
= tr

(
Â
)
+ tr

(
B̂
)

2. Symmetry

tr
(
ÂB̂

)
= tr

(
B̂Â

)
As a corollary,

tr
((

Â1 . . . AM−1

)
ÂM

)
= tr

(
ÂM

(
Â1 . . . ÂM−1

))
= . . .

Cyclicity

tr
(
Â1 . . . ÂM

)
= tr

(
ÂM Â1 . . . ÂM−1

)
= tr

(
ÂM−1ÂM Â1 . . . ÂM−2

)
= . . .
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Expectation Values Using Density Operators

For a pure quantum state |Ψ⟩,

E
(
Â
)
=
〈
Ψ
∣∣∣Â∣∣∣Ψ〉 =

(∑
k

⟨Ψ |ak⟩ ⟨ak|

)
Â

(∑
l

|al⟩ ⟨al| Ψ⟩

)
=
∑
k

∑
l

⟨Ψ |ak⟩ ⟨al |Ψ⟩
〈
ak

∣∣∣Â∣∣∣ al

〉
=
∑
k

∑
l

⟨Ψ |ak⟩ ⟨al |Ψ⟩ ⟨ak |ak| ak⟩

=
∑
k

∑
l

⟨Ψ |ak⟩ ⟨al |Ψ⟩ ⟨ak| al⟩ ak

= tr

(∑
k

∑
l

⟨Ψ |ak⟩ ⟨al |Ψ⟩ |al⟩ ⟨ak| ak

)

= tr

[(∑
k

⟨Ψ |ak⟩ ⟨ak|

)(∑
l

|al⟩ ⟨al| Ψ⟩

)
Â

]
= tr

(
|Ψ⟩ ⟨Ψ| Â

)
Sid (s3bhatta@uwaterloo.ca) A Closer Look at Quantum Measurements University of Waterloo, Faculty of Science



17/38

Preliminaries Transition Between States Reinterpreting the Born Rule References

We define the expectation value of a linear operator Â for mixed states,

E
(
Â
)
:=
∑
α

pr (|Ψα⟩)Eα

(
Â
)

where Eα

(
Â
)
is denote expectation values for pure states |Ψ⟩ = |Ψα⟩.

E
(
Â
)
=
∑
α

pr (|Ψα⟩) tr
(
|Ψ⟩ ⟨Ψ⟩ Â

)
=
∑
α

tr
(
pr (|Ψα⟩) |Ψ⟩ ⟨Ψ⟩ Â

)
= tr

(∑
α

pr (|Ψα⟩) |Ψ⟩ ⟨Ψ⟩ Â

)
= tr

(
ρ̂Â
)

Expectation values, with density operators, with Born rule

E
(
Â
)
= tr

(
ρ̂Â
)

This leads to the following corollary,

Born rule, with density operators

pr (|ak⟩) = tr (ρ̂ |ak⟩ ⟨ak|)
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Purity

Notice that for a normalized pure state,

tr
(
ρ̂2
)
= tr (ρ̂)

= tr
(
ρ̂Î
)

= E
(
Î
)

=
〈
Ψ
∣∣∣Î∣∣∣Ψ〉

= ⟨Ψ| Ψ⟩
= 1

On the other hand, for mixed states, ρ̂2 ̸= ρ̂, making the above relation
inapplicable. We therefore define a quantity which by construction is equal
to 1 iff the concerned quantum state is pure,

Purity of density operators

The purity of a density operator ρ̂ is defined as the quantity tr
(
ρ̂2
)
.
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Summary

It is useful to summarize important relationships so far, in one place:

Important relationships

1. Born rule (B)

prα (|ak⟩) = ⟨Ψα |ak⟩ ⟨ak |Ψα⟩ = tr (|Ψα⟩ ⟨Ψα| ak⟩ ⟨ak|)

2. Expectation values, without Born rule (E)

Eα

(
Â
)
=
∑
k

prα (|ak⟩)
〈
ak

∣∣∣Â∣∣∣ ak

〉
= tr

(∑
k

prα (|ak⟩) |ak⟩ ⟨ak| Â

)
E
(
Â
)
=
∑
α

pr (|Ψα⟩)Eα

(
Â
)

= tr

[∑
α

∑
k

pr (|Ψα⟩) prα (|ak⟩) |ak⟩ ⟨ak| Â

]
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3. Density operators (D)

ρ̂ :=
∑
α

pr (|Ψα⟩) |Ψα⟩ ⟨Ψα|

4. Born rule, with expectation values (BE)

pr (|ak⟩) = E (|ak⟩ ⟨ak|)

5. Born rule, with density operators (BD)

pr (|ak⟩) = tr (ρ̂ |ak⟩ ⟨ak|)

6. Expectation values, with Born rule (EB)

Eα

(
Â
)
=
〈
Ψα

∣∣∣Â∣∣∣Ψα

〉
= tr

(
|Ψα⟩ ⟨Ψα| Â

)
7. Expectation values, with density operators, with Born rule (EDB)

E
(
Â
)
= tr

(
ρ̂Â
)

8. Purity of density operators (P)[
tr
(
ρ̂2
)
= 1
]
⇐⇒ ρ̂ describes a pure state
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Thus, we start seeing connections between:
1. Born rule (B)
2. Expectation values (E)
3. Density operators (D)

It is easy to check that we are yet to state/establish the following
relationships: ED, DB, DE, BED, BDE, EBD, DBE, DEB.

It turns out that BD (and equivalently BE) implies B (by considering pure
states). Similarly, EDB implies EB.

Furthermore, since E and D are independent ideas when built from first
principles, it can be shown that ED, DE, DBE, DEB and EBD are not
possible.
This is because relating E and D using usual algebraic tools requires B as
a priori; however, this is subtle and will be explored in detail later into the
slides.
As a consequence, BED and BDE are not possible at the moment either.

To summarize, the independent relationships found so far are: E, D, BE,
BD and EDB.
On the other hand, by the above analysis, there are no other relationships
that can be found using the tools constructed so far!
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Normalization

Recall that pr (|ak⟩) represents the probability that the measurement of an

appropriate observable Â makes a quantum state represented by a density
operator ρ̂ collapse to the eigenstate |ak⟩.
Consider a complex number c ∈ C. We ask, what is the probability that
the state collapses to c |ak⟩ after measuring Â?
It turns out that the relationships so far fail if we use them as-is (in
particular, Born rule with density operators i.e. BD):

pr (c |ak⟩) = tr (ρ̂c |ak⟩ ⟨ak| c∗)
= tr (c∗cρ̂ |ak⟩ ⟨ak|)
= c∗c tr (ρ̂ |ak⟩ ⟨ak|)
= c∗c pr (|ak⟩)

But as c is arbitrary, the above probability is not normalized, which is
clearly not consistent.
The key conflict here is that traces are linear, whereas probabilities over
states should not be. This is further seen in the fact that scaling a state
does not make it linearly independent to the original state, therefore it is
really the same physical state.
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To fix this problem, we must rewrite all relationships so far by performing
normalization:

|Ψ⟩ → 1

[⟨Ψ | Ψ⟩]1/2
|Ψ⟩

=
1

[tr (|Ψ⟩ ⟨Ψ|)]1/2
|Ψ⟩

We could have restricted states to be unit vectors in H to begin with, but
the reason for adopting the above approach is twofold:
1. It is satisfying to have that the norm of a state does not matter, thereby

generalizing the domain of states to all of H. This also encodes the physical
equivalence of linearly dependent states.

2. By considering how probabilities behave over linear combinations of states,
we can see a hint of transition amplitudes between entire density states and
not just from density states to eigenstates.

Now, let us rewrite the important relationships mentioned earlier, with
explicit normalization where required.
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Important normalized relationships

1. Density operators, normalized (DN)

ρ̂ :=
∑
α

pr (|Ψα⟩)
tr (|Ψα⟩ ⟨Ψα|)

|Ψα⟩ ⟨Ψα|

2. Born rule, with expectation values, normalized (BEN)

pr (c |ak⟩) =
E (c |ak⟩ ⟨ak| c∗)
tr (c |ak⟩ ⟨ak| c∗)

3. Born rule, with density operators, normalized (BDN)

pr (c |ak⟩) =
tr (ρ̂c |ak⟩ ⟨ak| c∗)
tr (c |ak⟩ ⟨ak| c∗)

It can be shown that EDB follows from DN, E, BEN and BDN.
Furthermore, normalizing E and EDB is not required.

We can now handle calculations concerning measurement of a normalized
mixed state to not only any scaled version of some eigenstate, but also the
transition of these mixed states to entire mixed states!
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Transition to Pure States

We will now interpret the normalized relationships above backwards, start
with the right hand side of BDN, use its linear properties for sums of
projectors and end up with the probability of finding a superposition of
states generalizing the left hand side,

prsup (|Φ⟩) := pr

(∑
k

|ak⟩ ⟨ak| Φ⟩

)

=
tr
[
ρ̂
(∑

k |ak⟩ ⟨ak| Φ⟩
) (∑

l ⟨Φ| al⟩ ⟨al|
)]

tr
[(∑

k |ak⟩ ⟨ak| Φ⟩
) (∑

l ⟨Φ| al⟩ ⟨al|
)]

=
tr (ρ̂ |Φ⟩ ⟨Φ|)
tr (|Φ⟩ ⟨Φ|)

We interpret the above relationship to quantify the probability associated
with the transition of a mixed state to a pure state.
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When the initial state is a pure state |Ψ⟩,

pr (|Φ⟩) =
tr
(

1
tr(|Ψ⟩⟨Ψ|) |Ψ⟩ ⟨Ψ| Φ⟩ ⟨Φ|

)
tr (|Φ⟩ ⟨Φ|)

=
tr (|Ψ⟩ ⟨Ψ| Φ⟩ ⟨Φ|)

tr (|Ψ⟩ ⟨Ψ|) tr (|Φ⟩ ⟨Φ|)

=
⟨Ψ| Φ⟩ ⟨Φ| Ψ⟩
⟨Ψ| Ψ⟩ ⟨Φ| Φ⟩

This is a generalized form of the Born rule which does not directly involve

measurement. Here,
⟨Ψ| Φ⟩

⟨Ψ| Ψ⟩ ⟨Φ| Φ⟩ is interpreted as the transition

amplitude corresponding to initial and final states |Ψ⟩ and |Φ⟩,
respectively.

We now adopt the following notation for transition from an initial density
to a final density (for a pure state at this stage),

Transition to pure states

pr (ρ̂; |Φ⟩ ⟨Φ|) := tr (ρ̂ |Φ⟩ ⟨Φ|)
tr (|Φ⟩ ⟨Φ|)
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Transition Between Mixed States

Once again, we use the linear properties involved in expressions obtained
for probability to compute the probability of transition from a mixed state
with a density ρ̂ to another mixed state with a density

ρ̂′ =
∑
α

pr
(
ρ̂′; |Φα⟩

)
|Φα⟩ ⟨Φα|,

prmixed ({|Φα⟩} , {pr (|Φα⟩)}) : = pr

(
ρ̂;
∑
α

pr
(
ρ̂′; |Φα⟩

)
|Φα⟩ ⟨Φα|

)
=
∑
α

pr
(
ρ̂′; |Φα⟩

)
pr (ρ̂; |Φα⟩ ⟨Φα|)

=
∑
α

pr
(
ρ̂′; |Φα⟩

) tr (ρ̂ |Φα⟩ ⟨Φα|)
tr (|Φα⟩ ⟨Φα|)

= tr

∑
α

pr
(
ρ̂′; |Φα⟩

)
tr (|Φα⟩ ⟨Φα|)

ρ̂ |Φα⟩ ⟨Φα|


= tr

ρ̂∑
α

pr
(
ρ̂′; |Φα⟩

)
tr (|Φα⟩ ⟨Φα|)

|Φα⟩ ⟨Φα|


Sid (s3bhatta@uwaterloo.ca) A Closer Look at Quantum Measurements University of Waterloo, Faculty of Science



28/38

Preliminaries Transition Between States Reinterpreting the Born Rule References

= tr
(
ρ̂ ρ̂′
)

Using notation similar to before, we write the probability of transition from
a mixed state with density ρ̂ to that with density ρ̂′ as,

Transition between mixed states

pr
(
ρ̂; ρ̂′

)
= tr

(
ρ̂ρ̂′
)

An immediate and interesting consequence of the above is symmetry,

Transition symmetry

pr
(
ρ̂; ρ̂′

)
= pr

(
ρ̂′; ρ̂

)
Therefore, if states are, for example, parameterized by time, so are density
operators, and the above fact translates to a form of time symmetry in
quantum mechanics.
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Reinterpreting the Born Rule

Now is a good time to pause and question what is going on.

We went all the way from the probability of transitions from mixed states
to eigenstates — to that of transitions from mixed states to superpositions
of eigenstates comprising pure states — to that of transitions from mixed
states to mixed states!

We performed the above by interpreting that since the probabilities
mentioned were in the form of traces acting on projectors and traces are
linear, we can add projectors corresponding to a superposition of the
appropriate eigenstates.
Which begs the question, WHY?

One way to answer this question is to say we were handwaving and it
turned out the final notion made sense. For example, transition amplitudes
in the form of pure final states, seen before, are crucial to traditional
quantum mechanics and ’make sense’ just as much as the usual
constructions do.

However, such an answer may be justifiably unsatisfactory to many people.
Therefore, similar to much of the climb to abstraction in the history of
mathematical physics, we will now go in reverse gear!
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Principles of Measurement

Since going from transition of states to eigenstates, to transition of states
to entire ensembles of superimposed states may seem like cheating, we can
axiomatize the latter (transition between mixed states) and recover the
former (Born rule). This is fairly straightforward:

pr (ρ̂; |ak⟩ ⟨ak|) = tr (ρ̂ |ak⟩ ⟨ak|)

This is identical to the previously-explored condition of BD (Born rule,
with density operators).

It turns out that an alternative but more constructive way to derive the
Born rule is using new principles of measurement: wavefunction collapse
and the measurement invariance of density operators.
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Principles of Measurement

1. Wavefunction collapse: After measurement of an observable Â, a mixed
state described by states {|Ψα⟩} and a density ρ̂ transitions in the manner,

ρ̂ → σ̂ : =
∑
α

∑
k

pr (|Ψα⟩) pr (|Ψα⟩ ⟨Ψα| ; |ak⟩ ⟨ak|) |ak⟩ ⟨ak|

pr (|Ψα⟩) = pr (σ̂; |Ψα⟩)

2. Measurement invariance of density operators: A measurement does not
change the density operator! I.e.,

σ̂ = ρ̂

Let us briefly look at wavefunction collapse before recovering the Born rule
using it and the measurement invariance of density operators!
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Wavefunction Collapse

In the Copenhagen interpretation of quantum mechanics, the
measurement of an observable Â makes a quantum state prepared in some
pure state |Ψ⟩ probabilistically collapse to an eigenstate |ak⟩.
Immediately after measurement, the new state resembles a mixed state
(but behaves like a pure state, as we’ll see later) with the eigenstates as
its constituent states,

σ̂ =
∑
k

pr (|Ψ⟩ ⟨Ψ| ; |ak⟩) |ak⟩ ⟨ak|

For a mixed state in a density ρ̂, the new state is a weighed sum of
eigenstates with the weights being conditional probabilities corresponding
to the states packed into the initial density,

σ̂ =
∑
α

∑
k

pr (σ̂; |Ψα⟩ ⟨Ψα|) pr (|Ψα⟩ ⟨Ψα| ; |ak⟩ ⟨ak|) |ak⟩ ⟨ak|

=
∑
α

∑
k

∑
l

pr (σ̂; |Ψα⟩ ⟨Ψα|) pr (|Ψα⟩ ⟨Ψα| ; |ak⟩ ⟨ak|) δkl |ak⟩ ⟨al|
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Rederiving the Born Rule

Consider the density operator for a mixed state before measurement,

ρ̂ =
∑
α

pr (ρ̂; |Ψα⟩ ⟨Ψα|) |Ψα⟩ ⟨Ψα|

=
∑
α

pr (ρ̂; |Ψα⟩ ⟨Ψα|)

(∑
k

|ak⟩ ⟨ak| Ψ⟩

)(∑
l

⟨Ψ| al⟩ ⟨al|

)
=
∑
α

∑
k

∑
l

pr (ρ̂; |Ψα⟩ ⟨Ψα|) ⟨ak| Ψ⟩ ⟨Ψ| al⟩ |ak⟩ ⟨al|

Recall from the principles of measurement that the density operator is
unchanged after measurement i.e. σ̂ = ρ̂,

∑
α

∑
k

∑
l

pr (σ̂; |Ψα⟩ ⟨Ψα|) pr (|Ψα⟩ ⟨Ψα| ; |ak⟩ ⟨ak|) δkl |ak⟩ ⟨al|

=
∑
α

∑
k

∑
l

pr (ρ̂; |Ψα⟩ ⟨Ψα|) ⟨ak| Ψ⟩ ⟨Ψ| al⟩ |ak⟩ ⟨al|
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Since the above must be true for pure and mixed states alike,

∑
k

∑
l

pr (|Ψα⟩ ⟨Ψα| ; |ak⟩ ⟨ak|) δkl |ak⟩ ⟨al| =
∑
k

∑
l

⟨ak| Ψ⟩ ⟨Ψ| al⟩ |ak⟩ ⟨al|

pr (|Ψα⟩ ⟨Ψα| ; |ak⟩ ⟨ak|) δkl = ⟨ak| Ψ⟩ ⟨Ψ| al⟩

Setting k = l, we recover the Born rule,

pr (|Ψα⟩ ⟨Ψα| ; |ak⟩ ⟨ak|) = ⟨Ψ| ak⟩ ⟨ak| Ψ⟩
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Determinism

We have seen so far how the Born rule can be derived from either
transition between mixed states, or new principles of quantum
measurement.

For the purpose of describing the Born rule alone, transition between
states is a more efficient assumption than principles of measurement, but
on the other hand, the measurement principles provide more of a
’mechanism’ underlying measurement than transition amplitudes.

To begin seeing this mechanism, consider both transition between states
and measurement principles. If we start with a density ρ̂ and apply a
measurement to get a density σ̂, we must have ρ̂ = σ̂. Therefore,

pr (ρ̂; σ̂) = pr (ρ̂; ρ̂)

= tr
(
ρ̂2
)
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Transition during measurement

The probability associated with the [invariant] transition of a density operator
induced by a measurement is equal to the purity of the density operator.

pr (ρ̂; σ̂) = tr
(
ρ̂2
)

Corollary: The transition of a state under measurement is deterministic iff the
state is pure,

pr (|Ψ⟩ ⟨Ψ| ; σ̂) = 1

where,

σ̂ =
∑
k

pr (|Ψ⟩ ⟨Ψ| ; |ak⟩) |ak⟩ ⟨ak|

A natural interpretation of the above statement along with the underlying
mechanism of measurement is the Many Worlds Interpretation of quantum
mechanics.
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Unitarity

In the previous slide, we have shown that quantum measurement is, in a
sense, deterministic during the measurement of strictly pure states.

Does this violate quantum mechanics? The answer is ’NO’. Collapse to
individual eigenstates still involves non-unital probabilities in the above
framework.

The specific transition amplitude which yielded a probability of unity
corresponds to that of a measurement-induced transition from an initial
pure state to a final ’mixed’ state of the eigenstates, weighed with the
probabilities of transitioning to these eigenstates.

The above scenario turned out to be deterministic as all eigenstates, with
their own non-unital transition probabilities, are accounted for in the final,
apparently mixed state, which really turns out to be pure.

In fact, this phenomenon is equivalent to unitarity, at least for pure states.
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